Let A be an Artin algebra. This paper presents a condition that is necessary for a subcategory of mod A to be contravariantly finite. Several examples are explored in the case that A is the group algebra of a finite group over a field of finite characteristic.
Introduction
Several years ago Auslander and Smalo [4] introduced the notion of a contravariantly finite subcategory of a category. While the idea has had several applications [3, 5] , it has occasionally been,difficult to decide when a subcategory satisfies the conditions necessary to make it contravariantly finite. At a recent meeting in Tsukuba this question was raised about some subcategories of the category of modules over a group algebra. From various methods of group representation theory it was shown that they were not contravariantly finite [6] . However, the proofs were indirect and provided no insight into the more general problem.
The main purpose of this paper is to provide a condition that is necessary for a subcategory to be contravariantly finite. The condition is given in terms of the left almost split morphism of the minimal approximation of an object not in the subcategory. Among other things it implies that subcategories that are closed under almost split morphisms are seldom contravariantly finite. In addition to the main theorem and its corollaries, we give a few examples that may be of independent interest. See [2] as a reference on almost split morphisms.
The second author would like to thank the University of Georgia for its hospitality during the visit in which the results of this paper were discovered.
The main result
For convenience we shall work within the category mod A of finitely generated modules over an Artin algebra A. However, the techniques will work just as well in any category that has almost split morphisms. By a subcategory we always mean a full subcategory that is closed under isomorphisms, direct sums, and summands. Recall that a subcategory %" of mod A is contravariantly finite if every indecomposable object M in mod A has a right -approximation. By this we mean an object U £ W and a homomorphism f:U-*M such that if g: V -> M is any homomorphism with V £W then there exists a: V -» U with fa = g. It is known that there is always a minimal approximation that is a direct summand of any approximation. The idea of a covariantly finite subcategory is dual to that of a contravariantly finite subcategory. The reader should recognize that all results of this paper have dual analogues for covariantly finite subcategories and left approximations. Proof. Let a: X -> Y be the left almost split morphism in mod A. Suppose that Y is in W. Our aim is to produce a contradiction.
With the above assumptions we have the following commutative diagram of A-modules and homomorphisms:
The existence of 6 with da = f is assured by the facts that a is left almost split and / is not a splittable injection since M is not in 'to . Then the map x with fx = 6 exists because Y is in W and f: X -> Y is a right ^-approximation.
Let p. = xa and note that fp = f. The contradiction can now be derived from the fact that / is the minimal approximation. A sketch of the details is as follows.
By the usual chain conditions there exists n > 0 such that pn(X) = pn+j(X) and ker//" = ker/in+-' for all j > 0. Clearly ker/i" n p"(X) = {0} because otherwise p2"(X) would have shorter composition length than pn(X). So 1 = X\ © X2 where X\ = p"(X), X2 = ker/z" . In particular, X\ is in W and, because the approximation factors through X{ , we have X\ = X by minimality. But then p.": X -* X is an isomorphism and the left almost split map a: X -* Y is split by (p")~l op"~l ox. This is not possible and the contradiction proves the theorem. Corollary 2.2. Suppose that a subcategory W is contravariantly finite and has the property that if g: X -> Y is an irreducible map and if X is in W then Y is in W. Then HomA(C, D) = {0} whenever C is in W and D is not in W.
The proof of the corollary is obvious from the theorem. Recall that a regular component of the Auslander-Reiten graph is one that has no projective or injective objects. Corollary 2.3. Let W be a subcategory whose collection of indecomposable objects is a union of regular Auslander-Reiten components. Then W is not contravariantly finite.
The point of the last corollary is that for every object in ^ there is a nonzero morphism to an injective object that is not in ^. Hence the statement follows from the previous result.
We end this section by observing that our results give a new proof of the following well-known theorem.
Corollary 2.4 [ 1 ] . Suppose that the ring A is connected and has a finite Auslander-Reiten component. Then A has finite representation type. Proof. Let ^ be the subcategory generated by the finite component; that is, the objects of W are finitely generated summands of direct sums of objects in the component. Because W has only a finite number of indecomposable objects, î s contravariantly finite [3] . But then, by Corollary 2.2 and the connectedness of A, & = mod A.
Constructing contravariantly finite subcategories and some examples
The results of the previous section point to a method for constructing contravariantly finite subcategories. The point is that we need only make certain that each Auslander-Reiten component that has modules that are not in the category also has enough modules that are in the category. Suppose that Y is in W and that g: Y -► M is a homomorphism. Let </>: ]\Bj -> M be the right almost split morphisms so that ())\b] -<t>j is irreducible for all j. Because g is not a splittable epimorphism there exists 6: Y -> Y[ Bj so that $6 = g. Let 0, be the composition 8 with the projection onto Bj. So (j>6 = Y,4>j6j = g ■ If for a specific j, Bj is in W, then (Bj, (f>j) = (Xi, f) for some i. Hence <j>jdj factors through / in this case. Hence we need only worry about the case in which Bj is not in ^. But now we can repeat the process. That is, let y/: ]}Ci -»'" Bj be the right almost split morphism. Write 6j = YKwlc,) ° 7i, yi'Y-tQ.
If Q is in W then (Ci, <f>jo y/\Cl) = (Xi, f) for some i. If Q is not in f then repeat the process again. The condition on the category W says that this must stop after a finite number of steps.
Therefore to construct a contravariantly finite subcategory we need only take a full subcategory whose indecomposable objects are what remains after discarding a portion of some of the Auslander-Reiten components. We need only be certain that the condition of Proposition 3.1 is satisfied in each component. Hence, in the usual notation, we could discard the right "half and the remaining modules would generate a contravariantly finite subcategory. We note, however, that not all such subcategories are constructed in this way. This can be seen from the examples given below.
Examples. In each of the following let G be a finite group and let K be a field of characteristic p > 0. We assume that p divides the order of G. Let M be a KG-mod\ilc. The module Q(M) is defined to be the kernel of a surjection P -> M where P is a projective cover of M. Dually Q_1(Af) is the cokernel of an injection M -> Q where Q is an injective hull of M (which is also projective). We recall that the translation functor TrD coincides with Q.~2. So if M is indecomposable and not projective and if (j>: M -► B is the left almost split morphism, then B/</>(M) = Q~2(M). Example 3.2. Let ^ be the full subcategory of mod KG that is generated by all relatively ^-projective modules where 3? is some set of subgroups of G. Assume that no element of 3? contains a Sylow p-subgroup of G. It has long been known that ^ is contravariantly finite [9] , however, it is not closed under irreducible maps. This last fact can be proved directly; but indirectly, it is a consequence of Corollary 2.3. That is, we notice that ^ is closed under translation by Q and Q_1 . Hence, if it were also closed under irreducible maps then its collection of objects would be a union of Auslander-Reiten components. Observe that i? also fails to satisfy the condition of Proposition 3.1. (See also [8] .) Example 3.3. Let Q be a p-subgroup of G. Let W be the full subcategory of mod KG generated by the modules whose restriction to Q are free as KQmodules. This subcategory is closed under extensions and also under translation by Q and Q_1 . Hence its collection of objects, if we ignore projectives is a union of Auslander-Reiten components. Therefore, it is not contravariantly finite except in the extreme cases in which either W is the category of projective modules or ^ = mod KG (cf. [6] ). Example 3.4. Let V be an indecomposable nonprojective .K(/-module. Let W be the full subcategory of mod KG generated by the projective A^G-modules and the modules ilj(V) for j > 0. Then W is contravariantly finite. A proof of this fact can be obtained as follows. The module Ext*KG(V, M) is finitely generated over the ring Ext^G(K, V) [7] . Let au ... , an be a homogeneous set of generators. Then each a, is represented by a cocycle f: Q.n'(V) -» M where n, = deg(a,-) > 0. Let Xt = Q,n'(M) and set X = (U^/) © pm where PM is a projective cover of M. Define /: X -> M by f\x,■ -f and f\Pu an epimorphism. We claim that this is a right ^-approximation of M.
Suppose that we are given a homomorphism 6: Qm (V) -► M, m > 0. Then 9 represents a cohomology class 6 = Ylai7i f°r some y, G Ext^"'(F, V).
Note here that y, = 0 if «, > m. Let g,: Clm(V) -► Q"'(F) be a cocycle representing y, if y, ^ 0. Let g, = 0 otherwise. Then Ylf°Si-9 factors through a projective. That is, there exists g': Qm(V) -» Pm such that fg' = 0-E/a-Then as claimed. Notice that only in unusual cases such as G cyclic or G = (Z/2)2 and p -2, M = K, does ^ satisfy the condition of Proposition 3.1. Example 3.5. Let V be an indecomposable nonprojective A^ (/-module. Let be the full subcategory generated by the projective modules and the modules Q"(F) for all n £ Z. That is, here we allow both negative and positive translates of V. In general, £f will not be contravariantly finite. For example, suppose that V = K, the trivial A^G-module. Then the question involves the finite generation of negative cohomology, and often cup products in negative degrees are zero. More specifically, assume that p = 2 and G = (x, y) is elementary abelian of order 4. Let M = KG(x -1). It can be checked that for any integer m < 0 there is a surjective homomorphism ym: Qm(K) -* M. On the other hand, if n < m then any homomorphism </>: Q."(K) -+ £lm(K) has 4>(Qn(K)) C RadQm(K). So suppose that we had an approximation /: X -> M where X = JJ X,., Xt = Sl"'(K) for some «,. Choose m so that m < ni for all i. Then ym cannot factor through /. A similar method can be used for other groups. However in the particular case of the group of order 4, the result is also implied by the fact that the collection of objects in W is an entire Auslander-Reiten component.
